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Abstract. Let p : G — > Gh{V) be a rational representation of a reductive 
linear algebraic group G defined over C on a finite dimensional complex vector 
space V. We show that, for any generic smooth (resp. C*^) curve c : M — > 
V//G in the categorical quotient V//G (viewed as affine variety in some C") 
and for any to £ R, there exists a positive integer N such that t i— > c(to ± 
{t — to)^) allows a smooth (resp. C*^) lift to the representation space near 
to- {C^ denotes the Denjoy— Carleman class associated with M = (M^), 
which is always assumed to be logarithmically convex and derivation closed). 
As an application we prove that any generic smooth curve in V//G admits 
locally absolutely continuous (not better!) lifts. Assume that G is finite. We 
characterize curves admitting differentiable lifts. We show that any germ of 
a C°° curve which represents a lift of a germ of a quasianalytic C'^'^ curve in 
V//G is actually C*^. There are applications to polar representations. 



1. Introduction 

Let G be a reductive linear algebraic group defined over C and let p : G — > GL(V") 
be a rational representation on a finite dimensional complex vector space V . The 
algebra C[y]'' of invariant polynomials is finitely generated. Choose generators 
fJi, . . . , (T„, and consider the mapping a = (fii, . . . , (t„) : V ^ C". We may identify 
a : V ^ a{V) with the morphism tt : V ^ y//G, where V//G is the categorical 
quotient and tt is defined by the embedding C[V]'^ ^ C[V]. The mapping a induces 
a bijection between a{V) and the closed orbits in V. 

Let c : M ^ — (j{V) C C" be a smooth curve, i.e., smooth as curve in C". 

A curve c : M ^ is called lift of c to V^, if c = cr o c and if the orbit G.c{t) is 
closed for each t. It is natural to ask whether c admits lifts c which are regular (of 
some kind). This question is independent of the choice of generators of C[y]'', as 
any two of them differ just by a polynomial diffeomorphism. 

Suppose that G = S„ is acting on y = C" by permuting the coordinates. The el- 
ementary symmetric functions (Jj{z) — J2ii< - <i ' ' ' ^iji for 1 ^ i ^ '^j generate 
C[C"]^". By Vieta's formulas, a curve in C"/ S„ = cr(C") = C" can be interpreted 
as a curve of monic univariate polynomials P{t){z) = z" + X]j=i(^l)"'%(0-^"~"'; 
and, in this picture, a lift over a represents a parameterization of the roots of P. 
This special case is studied in [3] (see also references therein). It is proved that 
a generic smooth curve of polynomials P admits a locally absolutely continuous 
parameterization of its roots. Actually, any continuous choice of roots (which al- 
ways exists) is locally absolutely continuous. By generic we mean that no two of 
the continuously chosen roots meet of infinite order of flatness. Simple examples 
show that one cannot expect more than absolute continuity. This result follows 
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from the proposition that for any to there exists a positive integer N such that 
1 1— > P{to ± (t — ^o)^) admits smooth parameterizations of its roots near to. 

The main result of the present paper (theorem 13. 3|) is a generalization of this 
Puiseux type theorem to the framework of representations p : G ^ GL(V^). We 
show that, for any generic smooth (resp. C*^) curve c : K. — > V//G = <j{V) C C" 
and for any to G M, there exists an integer N such that 1 1-^ c(to ± (t — ^o)^) allows 
a smooth (resp. C*^) lift to V (where C^'^ denotes the Denjoy-Carleman class 
associated to M = (Affc), cf. 12. 6p . Similarly, for any holomorphic c : C — > V//G 
and any zq G C, there exists an integer N such that z i-^ c{zo + (z — zq)'^) allows 
a holomorphic lift. The genericity condition for c is normal nonflatness 12.51 which, 
roughly speaking, means that c does not meet lower dimensional isotropy type strata 
of V//G with infinite order of flatness. It is automatically satisfled if c belongs to 
any quasianalytic class C^^ . In section H] we show a global formulation of theorem 
[331 

As a first consequence of the main result we prove in section [5] that any generic 
smooth curve c : M ^ ^//G = (j{V) C C" admits a locally absolutely continuous 
lift. If G is finite, then any continuous lift of c is locally absolutely continuous. In 
general we cannot expect a better regularity than absolute continuity. However, it 
is an open question whether non-generic smooth curves c have locally absolutely 
continuous lifts. 

In section [S] we characterize, for finite G, those curves in V//G which admit 
differentiable lifts to V. Roughly speaking, curves must meet lower dimensional 
isotropy type strata of V//G with sufficient order of flatness. 

We show in section [7| that, for finite G, any germ of C°° curve which represents 
a lift of a germ of quasianalytic C^^ curve in V//G is actually C*^. 

In section [5] we give applications to polar representations. 

2. Preliminaries 

2.1. The setting: Representations of reductive algebraic groups. Cf. [H]. 

Let G be a reductive linear algebraic group defined over C and let p : G ^ GL{V) 
be a rational representation on a finite dimensional complex vector space V. It 
is well-known that the algebra C[y]"-^ of G-invariant polynomials on V is finitely 
generated. We may consider the categorical quotient V//G, i.e., the affine algebraic 
variety with coordinate ring C[y]'^, and the morphism n : V V //G defined 
by the embedding C[y]'^ — > C[V]. Let cri,...,cr„ be a system of homogeneous 
generators of C[T^]'' with positive degrees (ii, . . . , c?„. Then we can identify n with 
the mapping a = (cti, . . .cr„) : V o-{V) C C" and V//G with a{V) (which we 
shall do consistently). Each fiber of a contains exactly one closed orbit, li v G V 
and the orbit G.v is closed, then the isotropy group Gy = {g G G : g.v = v} is 
reductive. 

2.2. Luna's slice theorem. We state a version [TU] of Luna's slice theorem [7]. 
Recall that J7 is a G-saturated subset of V if 7r~^(7r(C/)) — U and that a map 
between smooth complex algebraic varieties is etale if its differential is everywhere 
an isomorphism. 

Theorem. ([7], [101 5.3]) Let G.v be a closed orbit, v £ V. Choose a Gy-splitting 
of V = T^V as Ty{G.v) and let ip denote the map 

G Xg^ Ny V, [g, n] i-> g{v + n). 

There is an affine open G-saturated subset UofV and an affine open Gy-saturated 
neighborhood Sy of in Ny such that 

ip:GxG,Sy-*U and Cp : {G Sy) // G U 1/ G 
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are etale, where tp is the map induced by ip. Moreover, ip and the natural mapping 
G 

Xg„ — > Sy//G^ induce a G-isomorphism of G Xq^ with U Xjj/^q Sv/fGy. 

Corollary. ([7], [TUl 5.4]) Choose a G-saturated neighborhood Sy of in (clas- 
sical topology) such that the canonical map Syf/G^ U//G is a complex analytic 
isomorphism, where U — Tr'^{(p{{G Xq^ Sv)//G)). Then U is a G-saturated neigh- 
borhood of V and (p : G Xq^ Sy ^ U is biholomorphic. 

A slice representation of p is a rational representation Gy Gh{V/Ty{G.v)), 
where G.v is closed. 

2.3. Luna's stratification. Cf. [7], [TO], and [H]. Let v € V and let Gy be the 

isotropy group of G at v. Denote by {Gy) its conjugacy class in G, also called 
an isotropy class. If (L) is a conjugacy class of subgroups of G, let {V//G)(^^ 
denote the set of points in V//G corresponding to closed orbits with isotropy 
group in (L), and put V(l) := -n-^HV //G)^l))- Then the collection {{V//G)(^l)} 
is a finite stratification oi V//G into locally closed irreducible smooth algebraic 
subvarieties. The isotropy classes are partially ordered, namely {H) < (L) if 
H is conjugate to a subgroup of L. If {V//G)(^l) ^ 0, then its Zariski clo- 
sure is equal to U(A/)>(L)(^/^)(Ji-f) ~ where is the set oi v ^ V 
fixed by L. There exists a unique minimal isotropy class {H) corresponding to 
a closed orbit, the principal isotropy class. Closed orbits G.v with Gy G {H) 
are called principal. The subset (V //G)^h) ^ ^ l/G is Zariski open. If we set 
^{H) ■= {v & V : G.v closed and Gy — H}, then n restricts to a principal 
{NGiH)/H)-hund\c V(^h) iV//G)(H), where Ng{H) denotes the normalizer of 
H in G. 

2.4. Lifting curves over invariants. Let / C K be an interval. Let c : I ^ 
V//G = (j{V) C C" be a smooth curve, i.e., smooth as curve in C". A curve 
c : / ^ is called lift of c to if c = cr o c and if the orbit G.c{t) is closed for 
each t € I. Lifting smooth curves over invariants is independent of the choice of 
generators of C[y]'^, as any two of them differ just by a polynomial diffeomorphism 
(cf. [3 2.2]). 

2.5. Normal nonflatness. Let s e N. Denote by As the union of all strata 
(^//G)(L) of V//G with dim(F//G)(i) < s, and by I, the ideal of C[V^//G] = C[V^]^ 
consisting of all polynomials vanishing on As-i. Let / C M be an open interval. 
Let c : I ^ V//G = ^{V) C C" be a smooth curve, t G I, and s — s(c, t) a minimal 
integer such that, for a neighborhood J of i in /, we have c(J) C As. The curve c 
is called normally nonfiat at t, if there is an / g Ts such that / o c is nonflat at t, 
i.e., the Taylor series of / o c at t is not identically zero. We say that c is normally 
nonflat, if c is normally nonflat at each t. 

Normal nonflatness is a condition which depends on the representation p. We 
shall also deal with a condition which guarantees normal nonflatness, but is inde- 
pendent of p. That condition is that c : I ^ IIG = <^^) ^ C" belongs to a 
quasianalytic Denjoy-Carleman class (cf. 12. 6p . 

2.6. Denjoy— Carleman classes. See [T^ or [S] and references therein. Let U C 
W be open. Let AI = {Mk)kGN be a non-decreasing sequence of real numbers with 
Mo = 1. Denote by G^ (U) the set of all / G C°°{U) such that for every compact 
K C U there are constants C, p > with 

(2.6.1) |a"/(x)| < Gpl"l|a|!Af|„i for all a e N-? and a; e i^. 
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We call (U) a Denjoy-Carleman class of functions on U. If Mk — 1, for all 
k, then C'^{U) coincides with the ring C'^{U) of real analytic functions on U . In 
general, C"(C/) C C*^(C/) C C°^[U). 

We assume that M = {Mk) is logarithmically convex, i.e., 

(2.6.2) Ml < Mk-i Mk+i for all k. 

Hypothesis ()2.6.2p implies that C^^ {U) is a ring, for all open subsets U Q . 
Note that definition (|2.6.ip makes sense also for mappings U ^ MP . Then (|2.6.2p 
guarantees stability under composition and taking the inverse (i.e., the inverse 
function theorem holds in C*^). 

We shall also require that C*^ is stable under derivation, which is equivalent to 

fcGN>o ^ 

By the standard integral formula, stability under derivation implies that C^^ is 
closed under division by a coordinate (i.e., if / G C*^(t/) vanishes on {xi — a^}, 
then f{x) = {xi - ai)g{x), where g g C^^(C/)). 

We say that C^^ is quasianalytic if, for connected open subsets J7 C R^, the 
Taylor series homomorphism C^'^ [U] —> M.[[x]], f i— > fa{x) is injective for any a G U. 
Suppose that M is logarithmically convex. Then, by the Denjoy-Carleman theorem, 
C*^ is quasianalytic if and only if 

(2.6.4) y , — oo or, equivalently. 



(2.6.3) sup (^)- 



< OO. 



'-[{klMk)^/'' ' " (^^(k + l)Mk+i 



k 



Definition. By a DC-weight sequence we mean a non-decreasing sequence M = 
{Mk)k&i of positive numbers with Mq = 1 which satisfies (I2.6.2p and (|2.6.3p . We 
say that a DC-weight sequence M is quasianalytic if (|2.6.4p is fulfilled. 

From now on M will always denote a DC-weight sequence. 

Let [/ C R'? be open and let / : C/ — > C be a complex valued function. Then 
we say that / e C^(C/,C) if (Re/,Im/) e C''\U,m?). If M is quasianalytic, then 
clearly each / e C^'^ {U, C) satisfying d°'f{a) — for all a S N'^ is identically near 
aeU. 

Let / C R be an open interval. A curve c = (ci, . . . , c„) : / C" belongs to 
C*^(J,C"), if each coordinate function a G C*^(/,C). Since C*^ is stable under 
composition, we may consider C*^ curves c € C'^'^ {I, V) in vector spaces V. 

2.7. Absolutely continuous functions. Let / C M be an interval. A function 
/ : / ^ C is called absolutely continuous, or / g AC{I), if for all e > there 

exists a S > such that J2i=ii^i — cii) < 5 imphes J2i=i Ifi^i) ^ f{^i)\ < foi' 
all sequences of pairwise disjoint subintervals {ai,bi) C /, 1 < i < A^. By the 
fundamental theorem of calculus for the Lebesgue integral, / g AC{[a,b]) if and 
only if there is a function g g L^{[a, b]) such that 

f{t) = /(a) + f g{s)ds for all t g [a, b]. 

J a 

Then /' = g almost everywhere. Every Lipschitz function is absolutely continuous. 

Gluing finitely many absolutely continuous functions provides an absolutely con- 
tinuous function: Let /i g AC{[a,b]), /2 g AC{[b,c]), and fi(b) = /2(6). Then 
/ : [a,c] ^ C, defined by /(t) = fi{t) if t g [a, 6] and /(t) = ^(t) if t g [&,c], 
belongs to AC {[a, c]). Similarly for more than two functions. 

Let :/—!■/ be bijective, strictly monotone, and Lipschitz continuous. If 
/ g AC{I) then also f o ip e AC{I). Furthermore (cf. % Lemma 2.5]): 
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Lemma. Let r > and n e N>o. Let f e AC{[0,r]) (resp. f e AC{[-r,0])) 
and set h{t) = /( ^) (resp. h{t) = /(-a/R)/ Then h G AC([0,r"]) fresp. 
e AC([-r",0])). 

Proof. There exists a function g e i^([0, r]) such that 

/W = /(0)+ Tg^ds 

Jo 

for all < e [0,r]. The function (0, r"] ^ (0, r],t i— s- y^, is smooth and bijective, so 



"'0 

and t ^^ g{Vi){Vty belongs to Li([0,r"]). Thus h{t) = /(-(/t) is in ylC([0, r"]). 

For the second statement consider the absolutely continuous function / o S'|[o,r]: 
where S ■.R^R,t^ ~t. By the above, hs{t) ^ {f o S\[o^r]){Vt) is in AC([0,r"]), 
and so h{t) = /^s(5-^|[-.".o]W) = /(- v^) = /(" v^) is in AC([-r",0]). □ 

A curve c — (ci, . . . , c„) : / ^ C" is absolutely continuous, or c G AC{L, C"), 
if each coordinate function q G AC(/). Since absolute continuity is invariant 
under linear coordinate changes, we may consider absolutely continuous curves 
c G AC{I, V) in vector spaces V. 

3. An analog of Puiseux's theorem 

3.1. Removing fixed points. Let V'-^ be the subspace of G-invariant vectors, 
and let V be a G-invariant complementary subspace in V. Then V = V'~^ ® V , 
C[Vf = C[V^](g>C[V']'^ , and V//G ^ x V'//G. The following lemma is obvious. 

Lemma. Any smooth (resp. C^'^ ) lift of a smooth (resp. C^^ ) curve c = (co,ci) in 
X V'//G C C" has the form c — (co,ci), where Ci is a smooth (resp. C^'^ ) lift 
o/ci to v. □ 

If c = (cq, Ci) is a normally nonflat curve in V'^ x V' //G, then ci is a normally 
nonflat curve in V //G, since (V^ x V //G)(l) = V^^x {V IIG)(l) {ci. [I, Proposition 
3.5]). 

3.2. Multiplicity. For a continuous real or complex valued function / defined near 
in R, let the multiplicity (or order of flatness) m{f) at be the supremum of all 
integers p such that f{t) = t'Pg{t) near for a continuous function g. Note that, if / 
is of class G" and m{f) < n, then f{t) = t"^^^^g{t) near 0, where now g is G""'"^-^) 
and g(0) 7^ 0. Similarly, one can define the multiplicity of a function at any i G M. 

3.3. Theorem. Assume that M is a DC-weight sequence. Let I Q R he an open 
interval and let to G /. Let c = (ci, . . . , c„) : / V //G = (y(V) C C" be smooth 
(resp. C^'^ ). Suppose that c is normally nonflat at to. Then there exists a positive 
integer N such that 1 1-^ c{to ± (t — to)^) allows a smooth (resp. C^ ) lift to V, 
locally near to . 

Note that c is automatically normally nonfiat at to if M is quasianalytic. 
Proof. We may assume without loss that to = 0. Let v G a~^{c{0)) such that 
G.v is a closed orbit. We show that there exists a positive integer N such that 
t 1-^ c(±t^) has a smooth (resp. G*^) local lift c^ with c^(0) = v. Let us use the 
following: 

Algorithm. (1) If c(0) G {V//G)(^h) is principal, then, for each w G V^/f)ncr~^(c(0)), 
a smooth (resp. G^^) lift oi t 1-^ c(±t) to V/^h) with c^{0) = v exists, locally 
near 0, since V(^h) ^ I/G)(h) is a principal (A^G(-ff)/-ff)-bundle (see[ 
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(2) If ^ {0}, we remove fixed points, by lemma [TT] 

(3) If V'^ — {0} and c(0) ^ is not principal, we consider the slice representation 
Gv GL{Ny). By Luna's slice theorem 12.21 the lifting problem reduces to the 
group Gv acting on Ny. As = {0}, Gy is a proper subgroup of G. Closed 
G^-orbits in Ny correspond to closed G-orbits in V. The stratification of V//G in 
a neighborhood of c(0) is naturally isomorphic to the stratification of Ny//Gy in 
a neighborhood of 0. Since the notion of normal nonflatness is local, the reduced 
curve is normally nonflat at as well. 

If N^" 7^ {0} we continue in (2), otherwise in (4). 

(4) If = {0} and c(0) = 0, we have m(cfc) > 1 for alll < fc < n. If c = 0, we 
lift it by c = and are done. Otherwise, put 

. (m{ck) 1 ^ , ^ \ 

m := mm < : 1 < fc < n > . 

L dfe J 

(Recall dk = degfTfe.) Then m is well-defined and finite, since c is normally nonflat 
at 0. Let d be the minimal integer such that dm > 1. Then, the multiplicity of 
1 1-^ Cki^f^) (for 1 < fc < n) satisfies 

m(cfc(±i'')) — dm[ck) > dmd^ > dk- 

Hence, near 0, we have Cfc(±i'') = i'''°c^) ^.(i), where c^^ ^ is smooth (resp. G^^), 
for all fc. Consider the smooth (resp. G*^) curve 

cfi)W := (c±),i(t),...,c±)^„(t)) 

which lies in V//G — cr{V), by the homogeneity of the generators dk- It is easy to 
see that c^^ is normally nonflat at (cf. [1, Proposition 3.5]). If i ^ admits 

a smooth (resp. G^^) lift 1 1-^ c^^(i), then t <c^^(t) is a smooth (resp. G*^) lift 

oft^ c{±t'^). 

Note that "i(c^j j.) — dm{ck) — dk (for 1 < fc < n), and, thus, 

r m{c^^. J.) 

(3.3.1) f^ii) '■— niin \ — — : 1 < fc < n > = dm — 1 < m, 

by the minimality of d. 

If TO(i) = there exists some fc such that c^^ ^(0) ^ 0, and we feed c^^ into step 

(1) or (3). Otherwise we feed c^-j into step (4). 

Each of step (1), (2), and (3) either provides a required lift or reduces the lifting 
problem to a 'smaller' space or group. Since m(j-^ is of the form p/dk, for some 
1 < fc < n and p G N, and by (|3.3.ip . also step (4) is visited only finitely many 
times. So the algorithm stops and it provides a positive integer N and a smooth 
(resp. G^O lift c± of 1 1-> c(±i^) near with c±(0) = w. □ 



Carrying out the obvious modifications in the proof of theorem 13.31 we obtain: 

3.4. Theorem. Let U ^ C be open and connected, and let zq G U. Assume that 
c : U ^ V l/G — (j{V) C C" is holomorphic. Then there exists a positive integer 
N such that z i— > c{zq + (z — zq)^) allows a holomorphic lift c into V, locally near 

ZQ. □ 



3.5. Remark. Note that theorem 13.41 is a generalization of Puiseux's theorem [5] 
(see also j2] for a modern account). 
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4. Smooth lifts 

4.1. Exceptional points. Let / C R be an interval. For a curve c : I ^ ^//G = 
a{V) C C" let E{c) denote the set of exceptional points, i.e., the set of all t & I 
such that f{c{t)) = for all / G Is (where s ~ s{c, t) is defined in l2.5p . 

Lemma. // c is normally nonflat, then E(c) is discrete. 

Proof. Let t E E{c). Let s be minimal such that c(J) C As for a neighborhood 
J of t. By assumption, there exists a / € such that / o c is nonflat at t. Since 
t S E{c), we have f{c{t)) = 0. The mean value theorem implies that t is an isolated 
zero of / o c (see e.g. [5J Lemma 3.2] for details). So t is isolated in E{c). □ 

4.2. Lemma. Let c : I ^//G ~ cr{V) C C" be a smooth (resp. C^'^ ) curve which 
is normally nonflat at to E I. Suppose Ci,C2 : J ~* V are smooth (resp. C^^ ) lifts 
of c on an open suhinterval J Q I containing to . Then there exists a smooth ( resp. 
C^^ ) curve g in G defined near to such that ci{t) = g{t).C2{t) for all t near to. 

Proof. The proof is essentially the same as in [U 3.8]. 

Without loss S /, io = 0, and ci(0) = C2(0) =: v. Consider the projection 
p : G.Sy ^ Gxq^ Sv G/Gv of the fiber bundle associated to the principal bundle 
G ^ G/Gy. Then, for t near 0, p o and po C2 admit smooth (resp. C*^ lifts) gi 
and g2 to G with (?i(0) = (72(0) = e, and t gJ^{t).Cj{t) form smooth (resp. C'^) 
lifts of c lying in Sv This reduces the problem to the group Gv If c(0) is principal, 
then Gu acts trivially on Nt^, and the two lifts coincide. Otherwise, we may remove 
fixed points fbv l3.ip and assume c(0) = and V'^ = {0}. 

If c = identically, the statement is trivial. Otherwise, m(ci) = m(c2) — r < 00, 
since c normally nonfiat at 0. (Here we use the obvious notion of multiplicity for 
a curve in a vector space.) Then t ^ t~^Cj{t) are smooth (resp. C*^) lifts of the 
smooth (resp. C*^) curve 

C(,)(<) ■.= CT{t-^C,it)) = (t-''l'-Cl(i),..., C„(i)). 

If we find g(t) E G taking t~^ci{t) to t~^C2{t), then we also have ci(t) — g{t).C2{t). 
Since C(r)(0) 7^ 0, we are done by induction. □ 

4.3. Notation. Let / C M be an open interval, s E I, and N E N>o. We denote 
by ip^'j^ the mapping 

ijj^f ■.{tEU:s±{t^s)'^El}^I:t^s±{t- s)^ . 

4.4. Theorem. Assume that M is non-quasianalytic DC-weight sequence. Let L C 
M he an open interval. Let c : L ^ V //G = cr(y) C C" be smooth (resp. C^^ ) and 
normally nonflat. For each compact subinterval J Q I , there exist a neighborhood /i 
of J and finitely many si, . . . , s„i and Ni , . . . , Nm such that c o V'f^^}^ o • • • o '0^'"/^ 
admits a global smooth (resp. C^' ) lift (for each choice of signs), where 7^+1 = 

{li) for i > 1. (By construction, Ii is covered by the images under 
"tp^^^'j^ o • • • o ip^"^}^ of the domains of co "0^^}^ o • • • o "0^'"}^ .) 

Proof. The algorithm in 13.31 shows that c admits smooth (resp. C^^) lifts near 
each t ^ E{c). 

Let J be fixed. By lemma ITTl the set E{c) n J is finite; let ti < <2 < • • • < 
denote its elements. Let /i be an open neighborhood of J such that E{c) O J = 
E{c) D Ii. By theorem |3.3[ there is an Ni E N>o such that co V'^^/f admits a 
smooth (resp. C*^) lift near ti. 
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If iVi is odd, it suffices to consider If A^i is even, then "04 //J" maps onto 

Ii n (oOjfi], i?(c o f/j^^j") — {ti}, and co admits smooth (resp. C*^) lifts 

near every point in its domain. So it is no restriction to just treat co ijj^^^j^ , which 
admits smooth (resp. C*^) Ufts near each t < ti + {t2 ~ ii)^/^^ =: S2- By theorem 
I3.3[ there is an N2 £ N>o such that co ipf^^l^ o ipf^^j^ admits a smooth (resp. C*^) 
hft near S2- 

Repeating this process m times, we obtain a family of curves of the required form 
each of which admits local smooth (resp. C*^) lifts near any point in its domain. 
The local lifts can be glued to a global lift, using lemma as in [U 4.1]. (Here we 
use that, if M is non-quasianalytic, then C*^ cutoff functions exist.) □ 

5. Absolutely continuous lifts 

5.1. Theorem. Let G be finite. Let I C M. be an interval and let c : I ^ ^ l/G = 
a{V) C C" be continuous. Then there exists a continuous lift c : I ~> V of c. 

Proof. Without loss we may assume = {0} fcf. 13. ip . 

We use induction on jGI . If G = {e} put c := c. So let us assume that the theorem 
is proved for complex finite dimensional representations of proper subgroups of G. 

Let c : I ^ y//G = (j{V) C C" be continuous. The set c~^(0) is closed in I and, 
thus, c~^{a{V) \ {0}) is an at most countable disjoint union of open subintervals 
J C I which are maximal with respect to not containing zeros of c. 

Let one subinterval J be fixed. Since = {0}, for all w g \ {0} we have 
Gv ^ G. By induction hypothesis and by \2.'2\ we find local continuous lifts of c 
near any t £ J and through all v £ a~^{c{t)). Suppose ci : J 3 — > F \ {0} is a 
local continuous lift of c with maximal domain Ji, where, say, the right endpoint ti 
of Ji lies in J. Then there exists a local continuous lift C2 of c near ti, and there is 
a, to < ti such that both ci and C2 are defined near tg. Since a{ci{to)) = cr(c2(to))j 
there must exist a. g £ G such that ci(io) = <7-C2(io)- But then Ci2(t) := ci(t) for 
t < to and ci2(i) g.C2{t) for t > to is a continuous lift of c defined on a larger 
interval than Ji . We can conclude that there exist continuous lifts of c on J. 

Let c be a continuous lift of c on J\c~^(0) and extend it to /, by putting c{t) :— 
for t £ c^^(O). It remains to show that c is continuous on c~^{0). Let to £ c~^(0) 
and I 3 tn to- Since G is finite, each neighborhood of contains a G-invariant 
neighborhood of 0. So a{c{tn)) = c{tn) c{to) = implies c(t„) — > 0. □ 

5.2. Remark. We do not know whether paths are continuously liftable in general 
(but consider theorem 15. 4p . The proof in 15.11 does not work, since in general we 
cannot expect that each neighborhood of contains a G-invariant neighborhood 
of 0. This is shown by the following example: Let G = C* act on V = by 
g.{x^ y) ~ {gx, g^^y). Then C[V^]'^ is generated by a{x, y) = xy and V//G ^ C. For 
each z £ C* the fiber a^^{z) represents a principal orbit. The fiber cr^^(O) consists 
of three orbits: the closed orbit {0}, G.(l, 0) = C* x {0}, and G.(0, 1) = {0} x C*. 
However: Each path c in V//G has a continuous lift c = {^/c,y/c) to V. If c is 
sufficiently smooth, then c is even locally absolutely continuous. This example is 
polar. We shall see in section [S] that for polar representations paths are liftable. 

5.3. Lemma. Let G be finite. Choose some norm \\.\\ on V. Let L ^ M be an 

interval and let c : I V//G = cr{V) C C" be continuous. If there is a Lipschitz 
lift of c, then any continuous lift of c is Lipschitz. 

Proof. Let c and c be continuous lifts of c, and suppose that c is Lipschitz on /. Let 
t < she in /. There is a go £ G such that c(t) — go.c{t). Now let ti be the maximum 
of all r £ [t,s] such that c(r) — go.c{r). If ti < s then c{ti) — gi.c{ti) for some 
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gi eG \ {go}- (Namely: For r„ \ ti we have c(r„) = g„.c(r„) with g„ e G \ {go}- 
By passmg to a subsequence, c(r„) = gi.c(rn) with gi £ G \ {go}, hence the 
assertion.) Let ^2 be the maximum of all r G [ti,s] such that c(r) = gi.c{r). If 
t2 < s then 0(^2) = ff2-c(i2) for some g2 (z G\ {go,.9i}- And so on until s = for 
some fc < \G\. Then we have (where to — t) 



Hs)-c{t)\\ ^ \\gj.c{tj+i) - gj.d{tj)\\ tj+i - tj 



where C is the Lipschitz constant of c and Mq denotes the maximum of the operator 
norms of the linear transformations g € G. □ 



5.4. Theorem. Let I CM. be an open interval and let c : I ^ l/G = (t{V) C C" 
be normally nonflat. Then: 

(1) There exists a locally absolutely continuous lift c of c, i.e., c £ ^Cioc (^, V^) • 

(2) If G is finite, any continuous lift of c is locally absolutely continuous, i.e., 
belongs to ACioc- 



Proof. (1) First we show: For each to £ I, there exist a neighborhood J Q I of to 
and a lift c £ AC {J, V) of c on J. Without restriction we may assume that G / 
and to = 0. By theorem 13.31 there is a positive integer N and a neighborhood Jn 
of such that 1 1— s- c(±t^) allows a smooth lift on Jjv such that c~(0) = c^{0). 
Let J -.^ {t £ I : ± '\/\t\ £ Jn}. We may assume that J is compact (by shrinking 
Jn if necessary). Let J>o = {t £ J : t > 0} and J<o = {t £ J : t < 0}. We define 

r c+( Vi) for t £ J>o 

c(t) := I £-{- y|t|) for t £ J<o if N is even 
I c+(- VM) for t £ J<o if N is odd. 

Then c is a lift of c on J and c £ AC{J, V), by lemma [T71 

We can glue the local absolutely continuous lifts of c: Assume that ci and C2 are 
local lifts of c with domains of definition which have a common point ti and none 
of them is a subset of the other. Since both G.ci{ti) and G.C2{ti) are closed, we 
have G.ci(ii) = G.C2{ti). Hence we can make ci and C2 fit at ti by applying to one 
of them a fixed transformation of G. Eventually, we obtain a global continuous lift 
c : / — !■ y of c which is absolutely continuous on each compact subinterval of /. 

(2) Assume that G is finite and let c be a continuous lift of c. We show that each 
to £ I has a neighborhood J such that c £ AC{J, V). Without restriction assume 
that to — 0. By theorem 13.31 we find a positive integer N and a neighborhood Jn 
of such that t ^ c{±t'^) allows a smooth lift on Jn- Another continuous lift is 
provided by t 1-^ c(±i^). By lemma [5751 the lift t 1-^ c(±<^) is actually Lipschitz, 
thus, absolutely continuous. Using lemma [2?7l we can conclude in a similar way as 
in (1) that c £ AC{J, V). This completes the proof. □ 



5.5. Remark. The conclusion in theorem 15.41 is best possible. In general there is 
no lift with first derivative in L^^^ for any 1 < p < 00. A counter example is the 
curve of polynomials 

P(<)(z) = z" -i, t£R, 

which is a curve in C"/S„ — C". If n > ^j^, for 1 < p < 00, and if n > 2, for 
p = 00, no parameterization of the roots (lift) of P has first derivative in L^^^. 
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6. DiFFERENTIABLE LIFTS 

6.1. Notation. The set As (cf. 12. 5p is Zarislci closed. Let J^s+i be an ideal in 
C[V//G] — 'C[V]'~^ defining Ag. Since the action of G commutes with homotheties, 
we can assume that J7s+i is generated by homogeneous elements. 

Let d — d{p) be the maximum of all di — deg Ui , where cti , . . . , tT„ is a minimal 
system of homogeneous generators of C[y]*^. Let D = D{p) be the maximum of 
all d{p'), where p' is any slice representation of p. There are only finitely many 
isomorphism types of such p' . 

6.2. Lemma. Let G he finite. Assume that V'^ = {0}. Let I C M. be an open 
interval containing 0. Let c = (ci, . . . , c„) : / V //G — (j{V) C be C^. Then 
the following conditions are equivalent: 

(1) m{ck) > dk, for all 1 < k < n. 

(2) m(/ o c) > deg/, for all homogeneous f ^ J\- 

Proof. Since = {0}, we have Aq = Y{Jx) = {0}. 

(1) (2) The continuous curve C(i)(t) := (t~'^ici(t), . . . , t~'^"c„(t)) admits a 
continuous lift C(i) (by theorem 15. ip . Then t tc(^i){t) is a continuous lift of 
1 1-^ c{t), and (2) follows from the homogeneity of /. 

(2) =J> (1) Since J7i is generated by homogeneous elements, (2) implies c(0) = 
0. So there exist positive integers and continuous Cm.k such that Ck{t) = 
t"^''Cm,k{t), for I < k < n. Assume, for contradiction, that rrife = ni{ck) < dk 
for some k. Then 

For i > 0, consider 

CM W := (^'"^-'^"c^aW, • ■ . , t"""''"™c,„,„(t)), 

which is a continuous curve in V //G — <y{V), and hence has a continuous lift C(,„) 
(by theorem 15. ip . Then t ^ t"'^C(^„i){'t) is a continuous lift of t i— > c{t). Let / G Ji 
be homogeneous. By (2), 

"^(/o C(„)) = m{f o c) - mdeg/ > (1 - m) deg / > 0. 

So C(m)(0) = (by the same arguments as above). But that is a contradiction for 
those k with m{ck) = mk = dkm. □ 

6.3. 1-fiatness. Let G be finite. For s e N, put A^ := Tr-^{As). Then J^+i ^ 
C[V^]*^ is a defining ideal of As. Let / C R be an open interval. Let c : I ^ V//G ^ 
cr{V) C C" be continuous and let c : / ^ ^ be a continuous lift of c. Let t E I and 
let r = r{c,t) be the minimal integer such that c{t) e Ar- The lift c is called 1-flat 
at t if the multiplicity of / o c at t is > deg / for all homogeneous / € i7r+i. 

Assume that G / and c : / ^ V//G = a{V) C C" is C^. Choose v G cr-i(c(0)). 
Let Ti, . . . ,Tm be a minimal system of homogeneous generators of C[Ny]^^ with 
degrees d'^, . . . , d^, and consider t — (ri, . . . , r,„) : ^ C". 

Lemma. T/ie following conditions are equivalent: 

(1) There is a continuous lift c with c(0) = v and differentiate at 0. 

(2) There is a continuous lift c with c(0) = v and 1-flat at 0. 

(3) The curve c, considered as curve in T{Ny) with c(0) — 0, is of the form 
c(t) = (^"^10(1) i(t), . . . , t'^"^C(^ij jn{t)) near 0, where C(i) fe, for 1 < k < m, is 
continuous. 

Proof. (1) (2) Let r = r(c, 0) and / G Jr+i homogeneous. Then /(c(0)) = 0. 
By assumption, c{t) — tc{t) such that c is continuous. Thus m[f o c) > deg/. 
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(2) ^ (3) As G is finite, = V. So we may consider c as lift of the curve c 
in N^//G.v = T{Ny) with c(0) ^ e Ny. Then c is still 1-flat at by [US since 
the notion of 1-flatness is local. We may also assume that N^^ = {0} by 13.11 So 
lemma [6T2] implies (3). 

(3) ^ (1) Suppose that c{t) = (t'^ici'i-) ^(i), . . . , t'''"C(i) ^(t)) near with contin- 
uous C(i) fc, for 1 < fc < m. Then C(-x) = (c(i).i(t), . . . , C(x),m(0) ^ continuous 
curve in T(Ny) which allows a continuous lift C(i). It follows that c(t) := tc(^i) is a 
continuous lift of c near which is differentiable at 0. □ 

6.4. Differentiable lifts. We say that c is 1-flat at if one of the equivalent 
conditions in lemma is satisfied. Similarly for any t & I. The curve c is called 
1-flat, if it is 1-flat at each t. 

Theorem. Let G he finite. Let L be an open interval and let c : L V // G = 
a{V) C C" be . Then the following conditions are equivalent: 

(1) There exists a global differentiable lifl c of c. 

(2) c is 1-flat. 

Proof. (1) (2) is clear by lemma [^751 

(2) (1) We use induction on \G\. There is nothing to prove if G is trivial. So 
let us assume that the statement of the theorem holds for representations of proper 
subgroups of G. 

We may suppose that V'~^ = {0}. Consider the set F := c^^(O). Then F is 
closed and its complement / \ is an countable union of open subintervals whose 
boundary points lie in F. 

Let J denote one such interval. We claim that there exists a differentiable lifl 
c of c on J. For each to & J and each v £ a~^{c{to)), we have \Gy\ < \G\, since 
V*^ = {0}. By induction hypothesis and l2.21 we find differentiable lifts of c, locally 
near any to G J. Let c be a differentiable lift of c defined on a maximal subinterval 
J' C J. Suppose for contradiction that the right (say) endpoint ti of J' belongs to 
J. Then there exists a differentiable lift c of c, locally near ti, and there is a io < ti 
such that both c and c are defined near ^o- Let (tm) be a sequence with <m — > ^o- 
For each m there exists a G G such that c{tm) = gm-c{tm)- By passing to a 
subsequence (again denoted by (tm)) we obtain c{tm) — g-c{tm) for a fixed g and 
for all m. Then c(to) = liint„-,to c{tm) = g.{\\iat„^^to c{tm)) = g-c(to) and 

-lu \ r c{tm)-c{ta) g.c{tm) ~ g.c{to) . 
c (to) = hm — = hm = g.c (to). 

tm^ta tm — Eo tm^to tm — 

Hence, we can extend the lift c by g.c for t > to beyond ti. This contradicts 
maximality. 

Let us extend c to the closure of J, by setting it at the endpoints of J. Let to 
denote the right (say) endpoint of J. By lemma l673l there exists a local continuous 
lift c of c near to which is differentiable at ^o- Let (tm) be a sequence with tm to- 
By passing to a subsequence, we may assume that c(tm) — g-c{tm) for a fixed g £ G 
and for all m. Then limf^^f^ c(tm) — .'7-(linitm/to c{tm)) — g-c(to) — and 

lim hm iiM=g,s'^to). 

t-m/'to tm ^0 tm/'*o tm ^0 

It follows that the set of accumulation points of c{t)/{t — to) , 'as t y to , lies in the 
G-orbit through c'{to). Since this orbit is finite, lemma [6751 below implies that the 
limit limt^tg c(t)/(t — to) exists. Thus the one-sided derivative of c at to exists. 

For isolated points in F we can apply a fixed transformation from G to one 
of the neighboring differentiable lifts in order to glue them differentiably (by the 
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arguments in the previous paragraph) . So we have found a differentiable hft c of c 
defined on I\ F', where F' denotes the set of accumulation points of F. 

Let us extend c by on i^'. Then c is a global differentiable lift of c, since 
any lift is differentiable at points t' S F' . For: It is clear that the derivative at 
t' of any differentiable lift has to be 0. Let c be a local continuous lift which is 
differentiable at t' , provided by lemma [^751 As above we may conclude that the set 
of accumulation points of c{t)/{t ~ t'), as i ^ t' , lies in G.c'{t') = G.O = {0}. □ 

Remark. If p : G — > 0{V) is a real finite dimensional representation of a compact 
Lie group G, then condition (2) in theorem 16.41 is automatically satisfied. Any 
curve c in the orbit space V/G = (j{V) C M" admits a global differentiable lift to 
V. That case is treated in 0]. Here D — d hy ^ Lemma 2.4]. 

6.5. Lemma. H] Lemma 4.3] Let X be a compact metric space and let c : {a,b) X 
be continuous. Then the set of all accumulation points of c{t) as t \ a is connected. 

7. Smooth lifts of quasianalytic G*^-curves are C^^ 
We prove an analog of [12, Theorem 2]. 

7.1. Theorem. Let G be finite. Assume that M is a quasianalytic DC-weight 
sequence. Let c : R, ^ V//G = a{V) C C" 6e a germ ofC^ curve, //c : M, ^ F 
is a G°° germ such that a o c = c, then c is a G^^ germ. 

Proof. Choose a basis in V and identify V — C™. Denote by pr^ the projection to 
the i-th coordinate. Set 

m m\G\ 

By construction the coefficients aj (for l<j<TO|G|)ofP belong to C[V^]'^. Thus 
there exist polynomials pj such that aj — pj o a for all j. It follows that P o c is 
a polynomial, whose coefficients are G^^ germs at G R and which admits a G°° 
parameterization prj((/.c) (for 1 < i < m and g € G) of its roots. By [121 Theorem 
2], each pr^{g.c) is actually G*^, hence, c is G*^. □ 

7.2. Remark. If G is not finite the theorem is false: For any G*^ curve germ c in 
V//G oi the example in 15.21 admitting a G*^-lift c we may find a G°° curve germ g 
in G such that g.c is not G^^. But we may ask whether a G*^ curve germ admitting 
a G°° lift admits also a G^' hft. 

It seems to be unclear whether the multivariable version of [12. Theorem 2] and 
thus of theorem 17.11 is true. But in the real analytic case we have the following 
analog of [HI Theorem 2] . 

7.3. Corollary. Let G be finite. Let / : R9,0 ^ V//G = a{V) C C" be a. germ of 
G" mapping. If f : W ,0 ^ V is a G°° germ such that o o f — f , then f is a G" 
germ. 

Proof, li q = 1 this is a special case of theorem 17.11 A smooth mapping which is 
G" along G" curves (affine lines suffice) is G'^ (e.g. jllj Theorem 1]). □ 

8. Generalization to polar representations 

8.1. Polar representations. Cf. 3 . Let G be a reductive linear algebraic group 
defined over C and let p : G — > GL(V^) be a rational representation on a finite 
dimensional complex vector space V. Let v G V such that G.v is closed and 
consider the subspace = {x ^ V : g.x C g.v}. Then for each a: £ the orbit 
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G.x is closed. The representation p is called polar if there is a v ^ V with G.v 
closed such that dimS^ — dimC[y]'^. Such is called a Cartan subspace. Any 
two Cartan subspaces are conjugated. All closed orbits in V intersect !].„. The 
generalized Weyl group 

VK(S„) = {.g G G : .g.S^ = Ei,}/{.g eG:g.x = x for aU x e E^,} 

is finite. The restriction map / /|x;„ induces an isomorphism C[l^]'^ 
Cp^J'^f^"). So we have y//G = a{V) = ctsJS^ = S„//PF(S^). 

8.2. Theorem. Let p : G GL(V^) he polar, let T, be a Cartan subspace, and 
W = W{Y.). Let D = D{p) as m\KT\ Consider c : L ^ V//G = (7{V) C C" for an 
open interval / CM. Then: 

(1) If c is continuous, then there exists a continuous lift c : / — s- S C 1/ of c. 

(2) // c is smooth and normally nonfiat, then any continuous lift c of c to Y, is 
locally absolutely continuous. 

(3) If c is G^ , then there exists a differentiable lift of c to S if and only if c is 
1-flat with respect to W ^ GL(I]). 

(4) Let M be a quasianalytic DC-weight sequence. Ifc:M,0^ ^//G is a germ 
of C^ curve and c : M, ^ E is a G°° germ such that a o c — c, then c is 
a G*^ germ. 

Proof. Apply the results for finite group representations to the VF- module E. □ 

8.3. Remark. The conclusion in (4) is wrong if c is a G°° germ in V which lies not 
in a Cartan subspace. See remark 15.21 and 17.21 
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